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Weak-Form Discretization, Waveguide Boundary Conditions and
Extraction of Quasi-Localized Waves Causing Fano Resonance

Hatsuhiro KATO'®, Member and Hatsuyoshi KATO'", Nonmember

SUMMARY  Recently, we proposed a weak-form discretization scheme
to derive second-order difference equations from the governing equation
of the scattering problem. In this paper, under the scope of the proposed
scheme, numerical expressions for the waveguide boundary conditions are
derived as perfectly absorbing conditions for input and output ports. The
waveguide boundary conditions play an important role in extracting the
quasi-localized wave as an eigenstate with a complex eigenvalue. The
wave-number dependence of the resonance curve in Fano resonance is re-
produced by using a semi-analytic model that is developed on the basis of
the phase change relevant to the S-matrix. The reproduction confirms that
the eigenstate with a complex eigenvalue does cause the observed Fano
resonance.
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1. Introduction

Numerov’s method derives the second-order difference
equation from the second-order differential equation for the
scattering problem [1]. It was initially applied to one-
dimensional electron conductance [2],[3] and extended to
multi-dimensional problems to analyse electrode junctions
[4], [5] and microwave scattering [6],[7]. The extension is
performed by Fourier transformation on a lateral sub-space
that is perpendicular to the direction of propagation. The
same expansion of the discretization was independently de-
veloped for fibre optics by the beam propagation method
[8], which is also related to Padé approximation [9], the fast
Fourier transformation [10] and the finite element method
[11]. Use of the Fourier transformation imposes a cyclic
boundary condition on the field variable and restricts the
scope of the discretization. In a previous study [7], the re-
striction was removed by using a weak-form discretization
scheme and a Lagrangian multiplier. The weak-form the-
ory framework provides a flexible method since it can corre-
spond to abrupt change of the field variables by reducing the
order of differential equations and also it can adopt various
interpolation techniques including the Fourier series. In this
study, we apply polynomial interpolation to illustrate the
possibilities for using the proposed weak-form discretiza-
tion scheme.
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The second-order difference equation enables us to ex-
press boundary conditions of scattered waves through a step-
ping matrices. The concept of stepping matrices was in-
troduced by Appelbaum [4] and redefined by Hirose and
Tsukada [5] using a recursion relation [2]. In this study,
the waveguide boundary condition for input and output ports
is reformulated with the mode vectors of translationally in-
variant waveguides. The proposed condition is a type of ab-
sorbing boundary condition (ABC) [12] and is similar to the
boundary condition for microwave waveguides [13]. How-
ever, it realizes perfect absorption using a numerical expres-
sion derived from the proposed discretized equation, rather
than from an analytic form that is exact but not fully compat-
ible with the numerical calculation. The origin of the numer-
ically matching concept can be traced back to Higdon [12].
Furthermore, under the proposed weak-form discretization
scheme we can extend the scope of the numerical match-
ing to various systems which are governed by higher-order
differential equations as discussed for flexural waves being
governed by a fourth-order differential equation [14].

As a typical example to illustrate our scheme, we con-
sider waves being described by the Schrodinger equation,
a second-order differential equation, and analyse the Fano
resonance [19] induced by the interaction between the inci-
dent wave and a quasi-localized wave in a waveguide. The
significant feature of the proposed scheme is that the quasi-
localized wave can be extracted as an eigenstate with a com-
plex eigenvalue. To reproduce the resonance curve for the
Fano resonance, a semi-analytic model is also developed, in
which a complex eigenvalue is converted to a single pole in
the wave-number space and linked to the rapid phase change
of the S-matrix. The evidence for the eigenstate possessing
a complex eigenvalue is confirmed by reproducing the reso-
nance curve.

This paper is organized as follows. In Sec. 2, a
Schrodinger type second order differential equation is dis-
cretized by using polynomial interpolation, then a second-
order difference equation is derived as the governing equa-
tion for the scattering problem. In Sec. 3, the stepping
matrix is reformulated and its application to the waveguide
boundary conditions is discussed to express the behaviour of
scattering waves in the input/output waveguide region. Us-
ing the waveguide boundary condition, the quasi-localized
wave that causes Fano resonance is extracted as an eigen-
state with a complex eigenvalue. The resonant curve is suc-
cessfully reproduced by the semi-analytic model. Section 4
summarises our conclusions.
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Fig.1  System configuration. The shaded area corresponds to the poten-
tial well.

2. Weak-form discretization
2.1 Fundamental equation and system configuration

Consider a two-dimensional system in which the field vari-
able or the wave function u(x, y) is subject to the following
Schrodinger-type differential equation,

—V2u + {v(x,y) — elu = 0. (1)

Here, V is the nabla operator in two-dimensional space, ¢ is
the energy or the eigenvalue and v(x, y) is the potential func-
tion. The potential function is assumed to be the following
well-like form,

_ —ERB, 0Sy£d,x<0
ox, y) = { 0, the other region °’ )

with well depth &5 and length d. Note that the discretization
scheme proposed in this study does not depend on details of
the potential function. Furthermore, our scheme is valid for
any system whose governing equation can be transformed
into a functional expression. Figure 1 shows the system
configuration in which the linear waveguide of width a ex-
ists in the interval y;, < y < you, the scattering region is in
0 < y < d and the lengths of both input and output waveg-
uides are denoted by Ly,.g. The potential function serves as
a minimal model of quantum dots and lead lines in which
Fano resonance has been investigated [20].

At the waveguide edges x = +a/2, the boundary con-
dition is imposed on the field variable u(x, y) as

u(+xa/2,y) = 0. 3

The intervals [—a/2, a/2] on the x-axis and [yin, Your] ON the
y-axis are divided into N, and N, segments, respectively.
Then, using the site indices £ (=0, 1, 2, ..., Ny) and n (= 0,
1,2, ..., N,) the coordinates are discretized as follows:
Xp = Xo + hy - £, 4)
Yn = .l/0+hy'n- )

Here, the initial values are xo = —a/2 and yy = yin(= —Lpusr),
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and the step sizes are i, = a/N and hy, = (Your — Yin)/Ny.

Using the weak-form theory framework [15], the gov-
erning equation (1) can be transformed into the null value
problem of a functional. A successful candidate for the
functional can be derived by using Gateaux derivative [16]
of the following functional F,[u],

Folul = % f [(Vi)? + {uo(x, y) - eh? | dxdy
Sll

3 [ wrar©
p== T,

Here, the integral region S, is the narrow rectangle defined
by S, = [-a/2,a/2] X [Yn-1,Yn+1], and A,(y) is the La-
grangian multiplier that makes the field unconstrained and
imposes condition (3). The boundaries I'. are defined by
Iy = {xa/2} X [Yp-1,Yn+1]. Unlike the typical case in the
finite element method, the integral region of the functional
is not the whole simulation domain but only the narrow rect-
angle S, because our purpose is to derive the second-order
difference equation. The functional (6) is similar but not
equivalent to the expression of wave energy. The role re-
quired to the functional is to formulate the motion as a null
value problem.

Using a parameter € and an arbitrary field w(x, y), the
Gateaux derivative F[w, u] can be defined as follows:

1
Fylw,u] = lim —(F,[u + ew] - F,[ul), 7
e—0 €
which is identical to the first variation of the functional [17].

The new functional Fj[w,u] can be expressed in terms of
sub-functionals F/ . [w,u] and F’; [w, u] such that

Fy=Fus = Fp, ®)
F:’LS = f [VU) -Vu + w{v(x, y) - g}u] dXdy’ (9)
. Sn
, a
Fiu=>" f w . A,)dy. (10)
p=xTp 2

Then, the null value problem can be stated as follows: ‘What
is the function u(x, y) that satisfies F,[w, u] = O for arbitrary
w(x,y)? The differential equation (1) with the boundary
condition (3) can be derived from the null value problem
[21] using the Gauss’ theorem and the formula —wVy =
Vw - Vu — V(wVu). Associated with this derivation, we can
impose the constraint on w(x, y) as follows:

WX, Ynz1) = 0. an

In deriving the differential equation from (8), this constraint
removes the boundary conditions on u(x, y) at [-a/2,a/2] X

{ynil}-
2.2 Polynomial interpolation of fields
The field u(x, y) is interpolated by the values at the vertices

of the lattice rectangle S¢, = [x¢, xX¢+1] X [Yn—1,Yn+1] as fol-
lows:
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N_(x, Pugn W11’y Ynt <Y <yn
u x’ — - Y Y - - - 2
(x-9) { N, Wennl”s Yo <Y < Ynat (12

where u;, and ug,.; are written in terms of field val-
ues as follows: wy, = [u(x,y,) u(xz41,yn)]" and Uy el
= [u(xz, Y1) U(X41, Yns1)]T. The four-dimensional vector
N.(x,y) is defined as follows:

N:(oy) =1 x—x; y—yn (x—x0)y—y,)ICx, (13)

with the 4 X 4 matrix C, defined as
-1

1 0 O 0
1 h O 0

Ce= 1 0 =h, 0 (14)
1 h, =*h, =h:h,

Similarly, the arbitrary function w(x, y) is expressed as

_ No, W 017, et <y < yn
w(x’y)_{ NI O, 4 <y <y * )

where W, is the four-dimensional vector defined by w,,, =
[w(x¢, yn) w(xes1,Yn)] and the restriction that wy,.; = 0 is
used to satisfy constraint (11).

Because no derivative of the potential function v(x, i)
is included in the functional F’[w,u], the deterioration in
accuracy is very small even if v(x, y) is discontinuously in-
terpolated as follows:

( ) _ vl?,n—'ig(x;_f[)g(yig_:il)a Yn-1 < y < Yn
TEITN 00RO, ha <Y <Yun

where vy, 1 = 0(x¢ + 2, yn = $hy) and 6(8) is the step-wise
function defined as follows:

_J 1, 0<éx<l
9@_{0, 0,621

2.3 Derivation of the difference equation

(16)

The integral region S, of the functional is the union of sub-
rectangles S;, (£ =0, 1, 2, ..., N, — 1). Therefore, the
sub-functional F)¢[w, u] can be divided into a summation,

N,—1

T
Fo= Z W (Cenen1 + Depen + agpepr).  (17)
=0

Here, the coefficients c;,, by, and a¢, are 2 X 2 matrices
defined as

Ctn = €V + (U, — €)Cay (18)
ben = 2by + (W0gut + Vgpyt — 26)ba, (19)
aen = av + (Vg 41 — €)dgs (20)

with the matrices given by

h.h,

18 ; 2n
1 [ R-2m -R-R

T 6hehy, | —hy—h: hp =20 |

Nl —
— =

1
Cy = §b®=(l®=

(22)

Cy = avy
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by

1 2,12\ _n12 4 12
[2(hy+hx) 202 + 12 3

T Ghyh, | 202+ R2 22+ 1Y) |

The sub-functional F),[w, u] can be also expressed in
the spatially discretized variables as follows:

’ a h
Fri = 3w )2 W) + 40,0a1)

p=+

+Ap(Yn+1)}- (24)

Introducing the extended field vector defined by U(y,,)
= [u(x0, Yn), u(X1, Yn), (X2, Yn); ..., u(xn,, yn)]", and express-
ing the summation in the extended matrix form, the null
value problem F[w,u] = 0 for arbitrary w(x,, y,) yields the
following:

Z'nU(ynfl) + BnU(yn) + anU(yml) - EAn =0. (25)

Here, ¢,, b, and a,, are (N,+1)X (N, + 1) matrices whose non
zero elements are composed from the 2 X 2 matrices. For ¢,
Cn(C, ) = (1 = 0¢n e n(1,1) + (1 = 6p0)ce-1,4(2,2), Tu(l, € +
1) = cen(1,2) and ¢,(L, £ — 1) = ce-1,4(2,1). The matrices
b, and a, are also defined by the same rule. Hereafter the
matrix with super bar, is of size (N, + 1) X (N, + 1). The
(N, + 1) X 2 matrix E is defined as follows:
T
1 0 0 0 0
E‘[ooo---o1]’ (26)
and the Lagrangian multipliers are summarized in the two-
dimensional vector as follows:
Al [ A-(Yn-1) +42-(Yn) + - (Yns1) ]

a g ArWn-1) +40.Yn) + 1 Yns1) @7

Multiplying the term ETb,! from the left to both sides
of (25) and using the boundary condition (3), or equivalently
ETU(y,) = 0, we obtain the following relation:

EA, = E{E"(b,'E)Y ¢, U(Yn-1)
+E(E" (5, E)} '@, U(Yns1). (28)

Substituting (28) for the term EA,, in the difference equation
(25) yields

(_";LU(yn—l) + BnU(yn) + a;LU(yrHl) = 0, (29)
where

&, = ¢y~ E{E"(by 'E)} ', (30)

@, = a, - E{E"(a,'E)} 'a,. (31)

Thus, we have transformed the partial differential equa-
tion (1) into the second-order difference equation (29). A
remarkable feature of difference equation appears in co-
efficients ¢, and a, in which the boundary condition at
x = *a/?2 is already captured by the modulation terms. This
feature is obtained by using compatibility of the weak-form
theory framework with Lagrangian multipliers.



KATO and KATO: WEAK-FORM DISCRETIZATION AND FANO RESONANCE

3. Quasi-localized waves in Fano resonance
3.1 Waveguide boundary condition

The waveguide regions in Fig. 1 serve as the input and
output ports of the scattering region. Because the sys-
tem is in a steady state and no scatterer exits in the in-
put and output waveguides, the wave in the waveguide can
be expressed by the superposition of the waveguide modes
e X, (x) where X,(x) is the mode function, 7, is the wave
constant and p(= 1,2,3, ..., N, + 1)is the mode index. The
real and imaginary parts of 7, are the growing/dampening
rate of wave amplitude and the wave number along the y-
axis, respectively. Let us introduce the mode vector as
X, = [Xp(x0) Xp(x1) ...Xp(xNx)]T, then X, and 77, are found
through the eigenvalue problem, which will be defined by
(34) below. Let us also introduce the reciprocal vector 5(,,

which satisfies the relation X;Xq = 0pq, Where T denotes the
Helmite conjugate and 6, is the Kronecker delta.
The stepping matrix Ky, originally introduced by Ap-

pelbaum [4] can be redefined as follows:

Ryg = Z X, XE. (32)
p
Because of the relation I_(wg b= > e”ﬂh”"XI,f(;r,, the n-

dependence of the field vector U(y,) can be expressed as
follows:

U = (Rug) " Uy, (33)
where ng is an appropriate site index in the input/output
waveguide region. The purpose of the matrix Ky, is to ad-
vance the field vector U(y,) by one step along the y-axis;
this gives rise to the terminology of a stepping matrix.

The input/output waveguide is translationally invariant,
namely, the property of the waveguide is uniform and does
not depend on the y-axis. Therefore, the coefficient matrices
s b, and a, in (29) are independent of the index n, and the
n-dependence of the coefficients degenerates. The matrices
can be expressed as constant matrices ay,, and byg with &), =
a, = @y, and b, = by,. We find that the mode vector X,

n
satisfies the following relation,

~byeX, =2 cosh(,h,)a X,- (34)

This equation is a kind of generalized eigenvalue prob-
lem [22]; therefore, the eigenvector X, and the eigenvalue
2cosh(1,h,) can be accurately obtained by using the well-
defined numerical procedure [23].

Because the function cosh is even, the values of 7,
and -7, are both the wave constants with the same eigen-
vector X,,. If the wave constant 7, is real (purely imag-
inary), the waveguide mode acts as a growing/dampening
wave (travelling wave). The growing/dampening property
of the mode amplitude along the y-axis is consistent with
the continuum system being subject to (1). This consistency
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is a very useful feature what allows us to use solutions from
the discretized system subjected to the second-order differ-
ence equation (29) to approximate waves in the continuum
system.

Because the system is also invariant under time-
inversion, if 7, is a wave constant, not only the inverted
value —7, but also its complex conjugate 7, is the wave
constant. Using space- and time-reversal symmetries, we
can choose the N, + 1 wave constants so as to satisfy Im[7, ]
> 0 and Re[7,] < 0. Then, the stepping matrix Ky is de-

noted by K™ The application of K™ to the field vector
U(y,,) is divided into the following three steps: (i) Decom-
pose the wave into the superposition of waveguide modes,
(ii) increase the phases of the travelling waveguide modes
of the pure imaginary 77, by an amount Im[7,h,], and (iii)
dampen the wave amplitudes of the non-travelling waveg-
uide modes by the factor e Reln»1lt

When the input/output waveguide is uniform and no
potential exits, i.e. v(x,y) = 0, the wave constant 7, is either
real or purely imaginary and is expressed as n, = [(ng/a)* —
£]172 (g =1,2,3,..). The mode denoted by the index ¢ is a
travelling wave, if and only if the parameter ¢ is larger than

(cut

the cut-off energy £<™ = (ng/a)’.

3.2 Eigenvalue problem defined by waveguide boundary
conditions

3.2.1 Resonance curve

Let us consider the scattering problem when the incident
wave comes from the input end y = —Ly,g. If the energy
of the incident wave, g, is in the interval between the first
and second cut-off energies, sgcut) <g< s;mt), the reflec-
tion and transmission waves appearing in the input and out-
put waveguide regions take the same travelling mode of X .
Figure 2 shows the k-dependence of the reflection rate |r(k)[?
which is numerically calculated by the recursive transfer
method (RTM). Details about RTM are given in Ref. [7],
but the resulting expression for the transmission coefficient
r(k) is introduced in (41) below. Here, k is the wave-number
along the y-axis and it is dimensionlessly defined by

k= {e— )2, (35)

The geometry of the system are also dimensionlessly ex-
pressed and assumed to be as follows: the scattering length
d = 1, the potential depth eg = 80, the waveguide width a =
0.8, and the length of the input and output waveguides Ly
= 2.5. The numbers of divisions of the coordinates are N, =
40 and N, = 300, which means that the both step sizes are
the same h, = h, = 0.02.

We have shown that the discrepancies between wave
strengths of analytical and RTM expressions are less than
the order of h‘y1 when a plane wave propagates along the
y-axis [7]. We have also compared the transmission rates
obtained by RTM with what obtained by the finite element
method [7] and an experiment [18] about a microwave scat-
tering problem. Although these comparisons are concerned
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Fig.2  Resonance curve for the reflection rate |r|? under Fano resonance.
The arrows show the wave number for full reflection, &, and full transmis-
sion, k;.

with the microwave, these convinces us the accuracy of the
results obtained by RTM being formulated under the weak-
form discretization scheme because the governing equations
of both systems are the same kind of second-order differen-
tial equations.

The k-dependence of the reflection rate |F(k)[> reaches
its maximum at k, = 1.5363x (that is, |r(k,)[* = 1), as shown
in Fig. 2. The resonance curve has the asymmetry that is
type of Fano resonance [19]. At k; = 1.5855x, the reflec-
tion rate |r(k)|* vanishes and full transmission is realized.
The wave-numbers k, and k; are transformed by (35) into
the energies € = 38.7153 and &, = 40.2335, respectively.
Fano resonance is caused by interactions between the inci-
dent wave and any localized or quasi-localized wave formed
around the scatterer. The localized waves can be found as an
eigenstate defined by our proposed difference equation and
waveguide boundary conditions, as shown in the next sec-
tion.

3.2.2 Quasi-localized wave as an eigenstate

When the wave amplitude has a local peak in the scatter-
ing region, the skirts or tails of the peak penetrate into the
output and input waveguide regions. In the output waveg-
uide region, the amplitude of the penetrated wave is damp-
ened along the positive direction of the y-axis. Therefore,
the dampening behaviour of the wave can be expressed by
the stepping matrix I_(idm"). If any travelling wave is gener-
ated by the local peak, it travels in the positive direction to
the output waveguide region; the positive sign of the sub-
script in Iﬂdm”) reflects this situation. On the opposite side
in the input waveguide region, the amplitude grows along
the positive direction but the travelling direction of the wave
skirt may take either direction. For a strict localized wave,
the choice of the double sign + in the subscript on K™ is
not important because it has no travelling wave skirts but it
does have growing amplitudes along the positive direction
of the y-axis, which are the dampening outgoing tails. How-
ever, for a quasi-localized wave with travelling skirts, the
choice of the double sign defines the travelling direction of
the wave skirt either the skirt is an outgoing wave or it is
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connected to the stimulating input wave.

If a quasi-localized wave has outgoing wave skirts, the
boundary condition at the waveguides is expressed as fol-
lows:

U = (RE) "Uwo). Ulgw,e) = R UG-
(36)

Furthermore, if an incident wave coherently couples with
a quasi-localized wave without the reflection wave, the
waveguide boundary condition changes to the following:

Uy-1) = (RE) o). Ulgnyer) = KU, ),
(37)

where the sign of the subscript on the stepping matrix in the
first expression differs from that in the former condition. In
this case, the reflection rate vanishes and a full transmission
is realized.

The quasi-localized wave that causes Fano resonance
can be obtained by solving (29) as an eigenvalue problem
for the eigenvalue €. Because the fundamental equation
(1) is linear in the parameter £, we can separate the coef-
ficients in (29) into two parts according to whether they are
proportional to &: &, = &) — &2, b, = b’ — b and
a, = z‘zs) - saf). Then, (29) can be expressed as follows:

eEPUWa1) + B UW,) + 8 U(yner)
= s{éf?U(yno +bPUyn) + a;”U(yml)}, (38)

for 0 < n < N,. If anew (N,+1)(N,+1)-dimensional vector
U, is introduced as Uy, = [ U(yo) Uy1) U») ... Ulyn )17,
then (38) serves as an eigenvalue problem with eigenvalue
£. Using the boundary condition (37), we can eliminate the
vectors U(y-1) and U(yy,+1) that appear when n = 0 and N,
respectively. Note that this eigenvalue problem is valid even
if any dampening wave tails and/or travelling wave skirts
reach ends of the simulation domain. This property is an
advantage to analyse the scattering problem with localized
waves through the proposed scheme.

The eigenvalue £ can be found from the eigenvalue
problem (38) provided that the stepping matrices Kigrw ) and
Kidm”) are already defined with a preliminary value of €. The
consistency between the preliminary £ and the eigenvalue
€ is realized through iterative use of the eigenvalue ¢ for
defining the stepping matrices in the successively repeated
eigenvalue problems.

Figure 3 (a) shows the resulting wave form of the quasi-
localized wave with the boundary condition (36). The eigen-
value is the complex number g7, = 38.898 — 0.465968i,
where the imaginary part reflects the finite life time caused
by the outgoing wave skirts. The converted wave-number
has the value k;, = (1.5425 — 0.0153{)7r and it is very similar
to k, for full reflection rather than k; for full transmission.
Figure 3 (b) shows the quasi-localized wave with bound-
ary condition (37). The eigenvalue is ey = 40.2335 and the
converted wave-number is kr = 1.5855x, which is strictly
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Ody
e, = 38.898-0.465968i" (a)

Fig.3  Wave forms of the eigenstate. (a) Quasi-localized wave that pos-
sesses the complex eigenvalue €7 and emits outgoing wave skirts. (b) Full
transmission wave with the real eigenvalue er and wave skirts which are
coherently coupled to the incident wave.

equivalent to k;.

The shape of the quasi-localized wave in the scattering
region is similar to the second-order waveguide mode which
can penetrate but not travel beyond the scattering region be-
cause of the assumption sﬁcut) <eg< sgmt).

3.3 Semi-analytic model of the resonance

According to the scattering theory for one-dimensional sys-
tem [24], the resonance curve is related to the single pole
of the reflection and transmission coefficients as an analytic
function in wave-number space. Furthermore, the single
pole is linked to either localized or quasi-localized wave.
The system in this study can be regarded as quasi one-
dimensional if the wave energy ¢ is between the first and
second cut off energies. In this section, we show that the
resonance curve can be reproduced by using the complex
wave number k;.

According to the formulation of RTM, the field vectors
of the reflection wave, Uy, and the transmission wave, Uy,
are expressed as follows:

Uy = —(So — KE™)(5( — K™, (39)
U, = SNH -+ 858185 0(Uin + Upyp), “40)

where S, (k) is the stepping matrix at the n-th site [7]. Be-
cause of the assumption on the wave energy, only one trav-
elling mode exits in the waveguide region. The travelling
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1.4 1.5 1.6 1.7

Fig.4 Resonance curve and the semi-analytic model. (a) The k-
dependence of sin? § is obtained by RTM (solid curve) and the reproduced
curve by the semi-analytic model (dashed curve). (b) Sub-phases §+ and
6_ are obtained from RTM. (c) Total phase 6(= 6, + J-) and background
phase dpg.

mode vector and its reciprocal vector were denoted as Xj
and X, respectively. Therefore, the reflection and transmis-
sion coeflicients r(k) and #(k), are expressed as follows:

r=XUy 1=XU, @1

Because the system is symmetric under y-axis and time in-
versions, we can obtain the following relations: [r))? +
[tk)? = 1 and r(k)*t(k) + r(k)r'(k) = 0. These relations
are also numerically confirmed with errors smaller than
5% 10715,

The S -matrix combines inputs and outputs which are
coming and going waves from both ends of the simulation
domain. Using the reflection and transmission coefficients,
r(k) and t(k), the S-matrix S (k) can be expressed as follows:

NECRG
SW‘L@ MJ’ 2

and the determinant is given by det S (k) = {r(k)+t(k){r(k)—
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t(k)}. Conservation of energy requires S (k)S (k) = I, with
the 2 X 2 unit matrix %,. Therefore, the determinant det S (k)
and its factors r(k) + t(k) are unitary and can be expressed
as det S (k) = %™ and r(k) + t(k) = ¢%+® with real phases
6(k) and 6..(k).

Using the analogy of scattering theory in three-
dimensional space [25], a quantity similar to the cross sec-
tion can be defined by sin? §(k), whose k-dependence has
the resonant behaviour shown in Fig. 4 (a). In Fig. 4 (b)
and 4 (c), the k-dependences of the phases 6.(k) and (k)
are shown in which the rapid phase change corresponds to
the resonant behaviour in Fig. 4 (a). Furthermore, the rapid
phase change of 6(k) is because of the sub-phase J_(k). Tt
should be also pointed out that a rapid phase change of (k)
caused by another sub-phase J. (k) is possible under differ-
ent situations.

Assuming that the single pole at k7 in k-space causes
the rapid phase change, the determinant detS (k) in the
neighbourhood of k;, can be approximately expressed as fol-
lows [25]:

, k —k;
det S (k) ~ eIZEbg(k)ﬁ‘ 43)

This expression satisfies the following two necessary con-
ditions: (i) |detS(k)> = 1 and (ii) the pole is of order
one. The background phase dpg(k) corresponds to the slow
change when the resonant is absent and its k-dependence is
estimated by the broken curve shown in Fig. 4 (b). The
broken curve is the extrapolation of a quadratic curve that
approximates the solid curve in the region k£ < 1.0 - 7 where
the influence of the resonance is minor. Regarding the phase
of (43) as 6(k) ~ Opg(k) + Ores(k) with the resonance phase
Ores(k) and using the quantities defined by g(k) = cot dpg (k)
and e(k) = (k — Re[kz])/Im[k; ], we can find

(q + €)?

-2 ~__ T
s o)~ T

(44)
where the relation tan 26,.5(k) = (1 — €2)/2€ was used [26].

The result (44) is a semi-analytic expression that was
derived by considering the analytic feature of the S-matrix.
Although the denominator has the extra factor (1 + ¢?)
compared to Fano’s original equation [19], the asymmetry
caused by the parameter g(k) is still maintained, as has al-
ready been pointed out [26]. The resonance curve given by
(44) is shown as the broken curve in Fig. 4 (a), which falls
close to the solid curve. Both curves fall to zero at the wave-
umbers 1.5367 (solid curve) and 1.531x (broken curve) and
the discrepancy is less than 0.4 %. The agreement of these
two curves convinces us that the quasi-localized wave of the
complex eigenvalue, which might be considered as an arti-
ficial construct, does cause the resonance of the experimen-
tally observable quantity.

4. Conclusions

Using flexibility that the weak-form discretization scheme
can adopt various interpolation techniques, a Schrédinger

TEICE TRANS. FUNDAMENTALS, VOL..E87-A, NO.8 AUGUST 2004

type second-order differential equation was transformed
into a second-order difference equation by polynomial in-
terpolation. The behaviour of the solutions derived from
the second-order difference equation is consistent with that
of waves in the original continuum system with respect
to amplitude variations due to both travelling and grow-
ing/dampening waves. This consistency enables us to ap-
proximate scattering waves in the continuum system by the
discretized system and to define the waveguide boundary
conditions numerically as perfectly ABC. This is an advan-
tage to use the second-order difference equation.

Using the waveguide boundary condition, we also pro-
posed a new method for extracting the quasi-localized wave
as an eigenstate by iteratively solving an eigenvalue prob-
lem. The validity of our scheme was confirmed by investi-
gating Fano resonance with a semi-analytic model in which
the quasi-localized wave possessing the complex eigenvalue
corresponds to a single pole in wave-number space. Ac-
cording to our knowledge, this study is the first one to pro-
pose a strictly defined numerical procedure to regard the
localized/quasi-localized wave as an eigenstate.

Acknowledgment

This study is supported by JSPS KAKENHI (23560065).

References

[1]1 E Y. Hajj, H. Kobeisse and N. R. Nassif, ”’On the numerical solution
of shroedinger’s radial equation”, Journal of Computational Physics,
vol.16, pp.150-159, 1974.

[2] Ph. Lambin and J. P. Vigneron, “Improved continued fraction treat-
ment of the one-dimensional scattering problem”, J. Phys. A (Math.
Gen.), vol. 14, pp. 1815-1819, 1981.

[3] J. P. Vigneron and Ph. Lambin “TImproved continued fraction treat-
ment of the one-dimensional scattering problem”, Journal of Physics
A (Math. Gen.), vol. 13, p.1135, 1980.

[4] J. A. Appelbaum and D. R. Hamann, “Self-consistent electronic
structure of solid surfaces”, Physical Review B, vol.6, pp.2166-
2177, 1972.

[5] K. Hirose and M. Tsukada, “First-principles calculation of the elec-
tronic structure for a bielectrode junction system under strong field
and current”, Physical Review B vol.51, no.8, pp.5278-5290, 1995.

[6] H.Kato and Y. Kanno, “Microwave absorption of catalyst in a ther-
mal decomposition reaction by recursive transfer method”, Japanese
Journal of Applied Physics, vol.47, no.6, pp.4846-4850, 2008.

[7]1 H. Kato and H. Kato, "New formulation for the recursive transfer
method using the weak form thery framework and its application to
microwave scattering”, Transactions of IEICE-A, vol.E96-A,no.12,
pp- 2698-2708, 2013.

[8] M. D. Feit and J. A. Fleck, “’Light propagation in graded-index op-
tical fibers”, Applied optics, vol. 17, no. 34, pp. 3990-3998, Dec.
1978.

[91 G. R. Hadley, “Wide-angle beam propagation using Padé ap-
proximatimant optics”, Optical letters, vol. 17 no. 20, pp. 1426-
1468,1992.

[10] M. D. Feit andJ . A. Fleck, “Light propagation in graded-index opti-
cal fibers”, Applied optics, vol. 17, no. 34, pp. 3990-3998,1978.

[11] M Koshiba and Y. Tsuji, A wide-angle finite-element beam propa-
gation method”, IEEE photonics technology letters, vol. 8, no. 9, pp.
1208-1210, 1996. IEEE phot. tech. lett. 8 (1996), 1208-1210.

[12] R L. Higdon, ”Absorbind boundary conditon for difference appex-
imation to the multi-dimensional wave equation”, Mathematics of



KATO and KATO: WEAK-FORM DISCRETIZATION AND FANO RESONANCE

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]
[21]
[22]

[23]

[24]
[25]

[26]

Computation vol. 47, no. 176, pp. 437-459, 1986.

Z. Lou and J. M. Jin, ”An accurate waveguide port boundary con-
dition for the time-domain finite-element method”, IEEE Trans. Mi-
crowave Ther. & Tech., vol. 53, no. 9, pp. 3014-3023, 2005.

H. Kato and H. Kato, ”Application of the recursive transfer method
to flexural waves I: Novel discretization scheme using weak form
theory framework and waveguide modes on inhomogeneous elastic
plates”, Transactions of IEICE-A, vol. E97-A, no. 5, 2014 (in print-
ing).

M. I. Forray, Variational calculus in science and engineering, Mc-
Graw Hill, New York, 1968.

Per Heintz and Klas Samuelsson, ”On adaptive strategies and error
control in fracture mechanics”, Computers and Structures, pp. 485-
497 vol. 82, Iss. 6, 2004.

K. Rektorys, Variational methods in mathematics, science and engi-
neering, D. Reidel Pub., Dordrecht, 1975.

H. Kato, M. Kitani and H. Kato, “Proposal of Recursive Transfer
Method as an Accurate Numerical Method for Microwave Scattering
Problem”, Asia-Pasific Readio Science Conference 2010, prg. no.
BEFKc-2, Toyama Japnan, Sep. 22-26 2010.

U. Fano, “Effects of configuration interaction on intensities and
phaseshifts”, Physical Revies vol. 124, pp. 1866-1878, 1961.

A. E. Miroshnichenko, ”Fano resonances in nanoscale structures”,
Reviews of Modern Physics, vol. 82, no. 3, pp.2257-2298, 2010.

P. Solin, Partial differential equations and the finite element method,
John Wiley & Sons, Hoboken 2006.

K. J. Bathe and E. L. Wilson, Numerical methods in finite element
analysis, Prentice-Hall, New York 1976.

L. Ramdas Ram-Mohan, Finite Element and Boundary Element Ap-
plications in Quantum Mechanics, p. 373, Oxford Unv. Press, Ox-
ford 2002.

G. L. Lamb, Elements of soliton theory, John Wiley & Sons, New
Yourk, 1985.

John, R. Taylor, Scattering Theory, John Wiley & Sons, New York
1972.

K. Shimamura, “Fundamentals of resonance scattering physics”,
Journal of Atomic Collision Research (Japanese Edition), vol. 2, no.
2, pp. 6-19, 2005

1727




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


