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Application of the recursive transfer method to flexural waves II:
Reflection enhancement caused by resonant scattering in acoustic

waveguide

Hatsuhiro KATO®, Member, Hatsuyoshi KATO'", Nonmember, and Takaaki ISHIT', Member

SUMMARY  Resonant scattering of flexural waves in acoustic waveg-
uide is analysed by using the recursive transfer method (RTM). Because
flexural waves are governed by a fourth-order differential equation, a local-
ized wave tends to be induced around the scattering region and dampening
wave tails from the localized wave may reach the ends of a simulation do-
main. A notable feature of RTM is its ability to extract the localized wave
even if the dampening tail reaches the end of the simulation domain. Us-
ing RTM, the enhanced reflection caused by a localized wave is predicted
and the shape of the localized wave is explored at its resonance with the
incident wave.

key words: Recursive transfer method, Flexural wave, Elastic plate, Fano
resonance, Weak-form discretization

1. Introduction

Recursive transfer method (RTM) is a numerical method for
analysing electron waves [1],[2] and has been extended to
the microwave scattering [3]-[6]. However, the phenom-
ena to which RTM is applicable has been limited to systems
that are governed by a second-order differential equation [7];
flexural waves on elastic plates have not previously been
considered because those are governed by a fourth-order dif-
ferential equation. In a previous paper (hereafter paper I),
we developed a new discretization scheme, i.e. the weak-
form discretization scheme, that is applicable even to flexu-
ral waves to derive a second-order difference equation [8].
The accuracy of the derived equation was also confirmed
by comparing with mode shapes obtained by an analytical
expression. However, the validity of RTM for analysing
a scattering problem of flexural waves still remains to be
demonstrated. In this study, we apply RTM to the derived
second-order difference equation to solve a scattering prob-
lem.

Various surface waves on solids are used to realize elas-
tic wave devices [9],[10]. Acoustic waveguides made of
a thin elastic plate provide a favourable research target be-
cause the flexural waves can be controlled by adjusting ge-
ometrical parameters [11]. Moreover, various waveguide
shapes can be formed with lithographic technology and ma-
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terial constants such as Young’s modulus can be modulated
by implanting impurities [12].

The motion of flexural waves on a homogenous plate
is governed by a fourth-order differential equation that has
a biharmonic term expressed with double Laplacians [13],
[14]. For inhomogeneous plates, two additional operators
are necessary as pointed out in paper I. Therefore, the the-
oretical framework of RTM has to be extended for adapting
to the modulated governing equation.

Here we propose a new procedure for formulating ab-
sorbing boundary condition (ABC) using the stepping ma-
trix that is defined in the RTM procedure. The proposed
ABC numerically realizes matching between waves in scat-
tering and input/output regions. Unlike perfectly matched
layers (PML) [15], [16] no extra layer is needed. The origin
of the numerically matching concept can be traced back to
Ref. [17]. Although the analytic formulation of PML has
also been extended to elastic systems [18],[19] and to sys-
tems with near fields [20], our ABC provides another utility
tool that can be applied systems possessing localized waves
with dampening tails.

A waveguide system governed by a second-order dif-
ferential equation does have the travelling mode, but it does
not always have the dampening/growing waveguide mode.
In contrast, a flexural wave system in acoustic waveguides
always has the additional dampening/growing mode as dis-
cussed in Kirchhoff plate theory [21], because the govern-
ing differential equation is fourth-order. Using the freedom
of the dampening/growing modes, the scattering wave can
induce a localized wave with dampening tails. Moreover,
resonance between the localized wave and the incident wave
can occur.

In a system composed of quantum dots with lead lines
[22], the localized wave or quasi-localized wave causes
Fano resonance [23] in which the resonance curve is asym-
metric and the transmission rate may vanish. In this study,
the similar resonance appears in acoustic waveguides with a
step-like region to serve as the scattering region. A notable
feature of the resonance is full reflection that is assisted by
the localized wave.

The organization of the present paper is as follows. In
Sec. 2, the second-order difference equation governing flex-
ural waves is introduced, and the RTM procedure is adapted
for solving the problem of flexural waves. In Sec. 3, res-
onant scattering in an acoustic waveguide with a partially

Copyright O 2015 The Institute of Electronics, Information and Communication Engineers
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Fig.1  Schematics of an acoustic waveguide composed of three regions:
Scattering region 0 < y < d, input region yi, < y < 0 and output region
dsct < Y < Yout-

thinned part is analysed with RTM. The reflection can pos-
sibly enhance the resonance in which a localized wave in-
duced in the scattering region plays an important role. Sec-
tion 4 is devoted to conclusions. The accuracy of RTM
and the relation to the finite element method (FEM) are dis-
cussed in Appendixes A and B, respectively.

2. RTM for flexural waves
2.1 Difference equation governing flexural waves

Figure 1 shows a schematic of an acoustic waveguide made
of a thin elastic plate with the uniform width a; the verti-
cal scale is exaggerated for clarity. The central thin part is
the scattering region where the plate thickness is uniform,
but the present formulation is valid even if the thickness de-
pends on the coordinates provided that inversion symmetry
is maintained along the z-axis. The x- and y-coordinates
are set along the width and direction of propagation, respec-
tively. The origin of the z-axis is assumed to be at the centre
of the plate thickness, then the plate surfaces are located at
z = +b(x,y)/2. The input and output ends or the lower and
upper limits of the simulation domain are placed at y = yi,
and y = you, respectively. The plate is assumed to be so thin
that displacements perpendicular to the plate are determined
by flexural motions. The incident wave is supplied from the
end at y = y;, and is scattered in the region 0 < y < dy
where the plate thickness is thinner than in other regions.
Ultimately, the incident wave induces a reflected wave and
a transmitted wave, which pass through the ends of the sim-
ulation domain at y = y;, and y = yoy, respectively.

In paper 1, it was shown that the flexural waves on a
thin elastic plate are governed by the following differential
equation,

Ao(DoAgu) + A1 (D1A1u) + Ap(Dr A u)
—plszou —pbwzu =0, @))]

if the waves are in a steady state with an angular frequency
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w. Here u(x,y) is the vertical displacement of plate, p is a
mass density, I(x,y) = b(x,y)*/12 is a moment of inertia,
Do(x,y) = (1 + VEb(x,y)}/24 and Di(x,y) = Ds(x,y) =
(1 = v)Eb(x, y)? /24 with Young’s modulus E and Poisson’s
ratio v. The operators Ay, A; and A, are defined as fol-
2 2 2 2
lows: Ay = §7+5’7, A = %—aﬁ—yzandAz = 26)%.
Futhermore, the differential equation was transformed into
a second-order difference equation by applying the weak-

form discretization scheme as follows:
E'n(])(yn—l) + Bn(b(yn) + an(b(yrwl) =0. (2)

Here, the interval yin < y < you is divided into N, parts with
the step size iy, = (You — Yin)/N, and the interval —a/2 < x <
a/2 is divided into N, parts with the step size h, = a/N,.
Then, the spatial coordinates are discretized as follows:

Yn = Yo t+ I’lhy, 3)
Xy = Xo + fhx, (4)

where the initial values are defined by yy = yin and xy =
—a/2. The indices n and ¢ vary asn = 0,1,2,..., N, and
¢ =0,1,2,...,N,, respectively. Using the plate displace-
ment u(x.y) and its derivatives at (x,y) = (x,, y»), the four-
dimensional vector U, is defined by

U = [ulxe, ys) uy(xt’a Yn) Ux(Xe, Yn) uxy(xt’a yn)]Ta )]

where the subscripts x and y on the variable u(x,y) de-
note the derivatives with respect to x and y, respectively.
The field variable ®(y,,) in the difference equation (2) is a
4(N, + 1)-dimensional column vector that is composed of
four-dimensional vectors as follows:

Here, the brackets, {}, indicate a shortened expression in
which the index £ varies over its whole range £ = 0, 1, ..., N,.
The coefficients &,, b, and @, are 4(Ny + 1) X 4(N, + 1) ma-
trices whose definitions were given in paper 1. All properties
of plates are reflected in these coefficients.

2.2 Stepping matrices and waveguide modes

The stepping matrix S, is a type of transfer matrix that prop-
agates the field vector ®(y,,) by one step as follows [1]:

@ (Yyi1) = S @(Yn). )

Shifting the index n to n — 1 in this relation and letting
D(yY,-1) = S‘;lld)(yn), it is easily to derive the recursive
relation for S, from the difference equation (2) ,

Sn—l = _(angn + Bn)_lén- (8)

If the boundary value S w, at the end n = N, is known, then
all values S, (n = N,—1,N,—-2,,.....,2,1,0) can be succes-
sively determined by using the recursive relation.

When a flexural wave takes a waveguide mode at the
input/output region adjacent to the scattering region, the
wave is expressed as u(x,y) = X(x)e™ with mode function
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X(x). Here, nis a propagation constant whose real and imag-
inary parts are the dampening/growing factor and the wave
number, respectively. The waveguide mode can also be ex-
pressed in discrete fashion using the column vector ®(y,,)
with a constant A and a vector @y as follows:

D(y,) = 1" Dx. &)

Since the continuous and discrete expressions are for the
same wave guide mode, we can regard as 1 ~ ¢”». For a
plane wave on an infinitely broad homogenous plate, we es-
timated in Appendix A that the error of this approximation
is of order hj, in magnitude.

Substituting (9) for ®(y,,) in the governing equation (2)
yields

(A 'Cyg + byg + Alyg)®x =0, (10)

which defines a type of the eigenvalue problem with an
eigenvalue A and eigenvector ®@. Here, the coeflicients ¢y,
by and Gy, are values of &,, b, and &, for the translation-
ally invariant input/output region in a uniform waveguide,
and are independent of the discrete site index n. The con-
dition (10) can be transformed into an eigenvalue problem
defined by the following equation

le aw (I)X
_—/l[ 2—I_g O_gH‘I’X]' 11)
Here, the column vector Wy is defined by ¥y = A®y, the
matrices O and I are the zero matrix and identity matrix of
4(N, + 1) X 4(N, + 1), respectively.

For an electron wave that is described by a second-
order differential equation, the coefficients satisfy the sym-
metric relation dywg = Cwg and the dimension of the eigenvec-
tor is N, [3]. In the present case of flexural waves, the sym-
metric relation for the coefficients becomes to Cyy I’ = Vg,
where the matrix T is defined as T = [—(-1)/6 il with the
Kronecker delta ¢;;. This relation is derived by the y-axis in-
version where the field vector is transformed by ® — T®.
The dimension of the eigenvector is eight times larger than
that for electron waves. This extension of the vector dimen-
sion is ultimately caused by the fact that flexural waves are
described by a fourth-order differential equation.

Since the eigenvalues are obtained from the eigenvalue
problem (11), the number of those is 8(N, + 1); the eigenval-
ues can be numbered with the index g (=1, 2, ..., 8(N; + 1)
) as 4; = €™M, and the eigenvectors are also given by
[®,¥,]". Here, ¥, = 1,®, and the parameter 1,(= y,+ik,)
is a propagation constant. When Re[n,](= y,) = 0, the
waveguide mode defined by the eigenvector is a travelling
wave and the sign of Im[17,]1(= k,) indicates the travelling di-
rection. For a travelling wave with positive k,, the wave ad-
vances in the positive direction of the y-axis and vice versa
for negative k. Reflected and transmitted waves can be ex-
panded as travelling waves. Furthermore, when vy, # 0, the
sign of vy, indicates the dampening/growing rate of the wave
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amplitude along the y-axis. The dampening/growing waveg-
uide eigenmodes can be used to express the wave tail which
penetrates into the input/output region from the scattering
region.

If the quantity 7, is a propagation constant, the inverted
quantity -7, and the complex conjugate 77, are also propaga-
tion constants because of y-axis inversion and time-reversal
symmetry, respectively. Therefore, if a propagation constant
is expressed as 1, = vy, + ik,, corresponding four values
given by +y, + ik, with all combinations of the two double
signs are also propagation constants.

Using the freedom to choose the double signs in +y,, +
ik,, we can choose a set of 4(N, + 1) propagation con-
stants so as to satisfy Im[z,,] > 0 for travelling wave modes
(Re[n,,] = 0) and Re[n,,] < 0 for non-travelling wave
modes (Re[n,;] # 0). We label these with the index j (=
1, 2,3, .., 4N, + 1)): the corresponding eigenvectors @,
are also labelled with the same index j. Now, the matrix
K™ i introduced such that

K™ = Tlee )T, (12)
using the modal matrix 7 defined by

T=[®, @, @, .0 1 (13)

/lqA(NxH)
then the matrix I_(Edm”) serves as the stepping matrix that
satisfies the recursive relation (8). If the stepping matrix
K™ operates on the field vector ®(y,,), the modal matrix
T-! decomposes ®(y,,) into wave components of travelling
and non-travelling waves. Furthermore, it propagates those
wave components by one step as a travelling wave towards
the positive direction or as a dampening wave according to
whether the components are travelling or non-travelling.

Tn a similar manner, three other variants such as K™,
K™ and K®™ can be defined. Here, the subscript, + ,
indicates the direction to which the travelling wave compo-
nents proceed. The superscript, dmp/grw, indicates whether
the tail of the localized wave component is dampening or
growing along the positive direction of the y-axis.

2.3 ABC and the scattering problem
2.3.1 Waves in input/output regions

Assuming that the waveguide continues in the regions y <
Y1(= Yin + hy) and y > yNy(z Yout), the range of the discrete
index n is allowed to take negative values and the integer
values over N,. Then, the field variable ®(y,) can be ex-
pressed in terms of the stepping matrices as

(I_(idlnp))n(l)in + (I_(Egrw))n(l)rf ,(n<1)
D(y,) =
(&)@, (1= N,)
(14)

Here, the vectors ®@;,, @, and @ represent the incident
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wave, reflected wave and transmitted wave, respectively.

The field variable ®(yn,+1) can be expressed in two
ways as ®(yy,+1) = I_(idm")(b(ylvy) by using (14) and
®(yy,+1) = Sy®(yn,) by using (7). Because the tranmit-
ted field @(yy,) can be regarded as arbitrary due to the arbi-
traryness of input field ®;,, we can derive

Sy, = RO, (15)

This is a numerically realized ABC for output region that
imposes the following conditions: (i) The travelling wave
that reaches the output end is connected to a waveguide
mode without any reflection. (ii) The tail of the localized
wave that penetrates to the output end decreases its ampli-
tude as the waveguide continues along the y-axis. Using
the boundary condition (15), all other stepping matrices at
n < N, are obtained from successive applications of (8).

Because the proposed ABC (15) involves no informa-
tion about wave strengths, moments or shear forces, the
condition provides a general and easily applicable expres-
sion for any system being formalized by RTM. To express
ABC, the decomposing and propagating features of the ma-
trix I_(idlnp) are used effectively. These features can also be
realized from the theoretically obtained waveguide mode
[24], which is strict in the theoretical sense but the mode
matching is not always strict in the numerical sense. A no-
table property of the condition (15) is that the non-reflection
condition at the output end is strictly realized through a nu-
merically consistent matching between the components of
the scattering wave and the waveguide mode. The appli-
cation scope of the proposed ABC is valid for any waveg-
uide modes formed in a waveguide of translation invariant;
a flattened mode discussed in paper I is one of those exam-
ples. The origin of the numerically matching concept can be
traced back to [17]. The complex frequency-shifted PML
[16], [20] also provides these same features as the proposed
ABC (15). However in PML, the design of the absorbing
layer needs to be changed according to governing equation;
while the numerical procedure of the proposed ABC does
not change when the system is changed from electromag-
netic to elastodynamic except for a change in the coefficients
in (2).

2.3.2  Separation of incident and scattering waves

Since the expressions S o(®;,+®y;) and KEV @, +KE™V @ ¢
are both for the same field ®(y, ), the reflected wave is linked
to the incident wave as follows:

O = ~(So - KE)' Sy - REV)Dy,. (16)

The reason that the waveguide is assumed to exist in y < y;
but not in y < yy is to obtain (16). The field ®(y,) at the
arbitrary sites n(= 1,2, ..., N,) is expressed as

®Y,) =S,1---525180® (o), an

with @) = @, + Dy;. Specifically, considering the value
atn = N, the expression for the transmitted wave is
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Fig.2  Frequency dependence of the reflection rate R. (a) Wide range
dependence.The thick and thin cureves indicate values calculated by two-
demensional RTM and one-dimensional TMM, respectively. (b) and (c) are
details of resonance curves at f = 15.47 and 21.08 kHz, respectively.

Dy = Sy,-1°- 52518 0(Dip + Dpp). (13)

The field vector of the incident wave, ®;,, is defined
with the Sp mode function Xy (x) and the wave vector k,
along the y-axis as

(I)in = {[XQy(xlf), ikyXQy(xlf)a Xéy(x/?)a ikyXéy(xlf)]T},
(19

where ng(x) = disty(x). Explicit expressions of Xgy(x) and
k, are given in paper I, but the outline of Sy mode can be
seen in later Fig.3 (b) and Fig.4 (b).

When the equations (2) are gathered for all index n, and
regarded as simultaneous equations for ®(y,,), they provide
another method that is compatible to FEM for the scattering
problem. The boundary conditions on the scattering wave
are expressed with stepping matrices and the space mesh
is expressed with the rectangular elements. Details on the
compatibility between RTM and FEM is presented in Ap-
pendix B. For electromagnetic systems, the compatibility is
not always complete because the integration region of func-
tional is chosen as a narrower region; however the freedom
to choose the integration region provides a method to im-
prove the discretization accuracy [6].

2.4 Reflection and transmission rates

As shown in paper I, the energy flux J = [J,, Jy]T, which is
the energy flow per unit length and unit time, is defined by



358

J =si— MV, (20)

where the super dot, *, indicate time derivative, the field
variables are not expressed in complex forms, s and M are
shear force vector and moment tensor, respectively. The de-
tails of definitions are seen in paper I.

The steady energy flux along the y-axis is given by the
mean value of the component J, over one period 27/w and
over the waveguide width [x| < a/2. Because the incident,
reflection and transmission waves in the input or output re-
gion take the wave guide mode with the mode functions
Xin(x), Xi£(x) and X (x), respectively, the mean energy flux
Jo (@ = in, rf, tr) is expressed as

ko (92
J, = Re[y_ f [Xa{2(k§ —k2)X, — (1 + X7}
2 —a/2
, o, 1dx
+(1- V)XQXQ]—], @1
a

where k, is the wave number along the y-axis. Using these
flux expressions, the reflection rate R and transmission rate
T are defined by

RZ—.,TZ—.. (22)

3. Resonant scattering of flexural waves
3.1 System parameters

The configuration of the system is shown in Fig. 1. At
the centre of an acoustic waveguide, the plate thickness is
thinned from both sides, forming a step-wise structure that
acts as a scatterer. The width a and thickness b of the waveg-
uide are @ = 16 mm and b = 1.0 mm, respectively. The
length and thickness of the scattering region are 20 mm (=
dst) and 0.5 mm (= b/2), respectively. Both lengths of the
side waveguides are Ly, = 8 mm. Therefore, the ends of
the simulation domain are at yi, = —Lyug(= -8 mm) and
Yout = dsct + Lougr (= 28 mm). The numbers of spatial seg-
ments are N, = 15 and N,, = 30, which means the step sizes
are hy= 1.067 mm and h,=1.200 mm, respectively. The
plate material is supposed to be aluminium, and the material
constants are chosen as follows: Young’s modulus E = 71
GPa, Poisson’s ratio v = 0.32 and mass density p = 2.7x10?
kg/m?.

3.2 Reflection enhancement by resonance
3.2.1 Resonance curves

Figure 2 shows the frequency dependence of the reflec-
tion rate R , where the incident wave is assumed to be the
symmetric §p mode given by (19). Because the system
conserves energy, the transmission rate 7 is obtained by
T =1-R. InFig. 2 (a), the thick curves are obtained
by the proposed RTM of the two-dimensional theory. Since
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Fig.3 Forms of scattering wave and its decomposed components at the
resonance frequency f = 15.47 kHz. (a) Displacement caused by the whole
scattering wave, (b) extracted travelling wave and (c) localized wave.

u (arb.)

Fig.4 Forms of a scattering wave and its decomposed components at the
resonance frequency f = 21.08 kHz. (a) Displacement caused by the whole
scattering wave, (b) extracted travelling wave and (c) localized wave.

the one-dimensional theory is occasionally used to design
a waveguide plate [26], the result obtained by the trans-
fer matrix method (TMM) according to the one-dimensional
Euler-Bernoulli model [21] is also shown (thin curve). In the
low frequency region, the thick and thin curves quite well
agree, but the discrepancies appear in the high frequency
region because of the difference in dimensionality. Specif-
ically, two resonant variations appear, causing the drastic
discrepancies; those resonances are captured by the two-
dimensional theory but not by the one-dimensional theory.
Figures 2 (b) and (c) show that the reflection rate R is
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enhanced and takes the value of unity at the frequencies of
15.47 and 21.08 kHz, respectively. The peaks of the reso-
nance curves are asymmetric under inversion of the horizon-
tal axis. This asymmetry is a typical feature of Fano reso-
nance [23], which is traditionally discussed in quantum me-
chanical systems; it is caused by interactions between con-
tinuum energy levels and an isolated energy level. The va-
lidity of the proposed weak-form discretization scheme and
RTM for analysing Fano resonance in a quantum system is
already shown in [27]. In the present elastodynamic system,
the state responsible for the Fano resonance is the localized
wave that is induced in the scattering region.

3.2.2 Separation of localized wave from scattering waves

The localized wave causing the resonance can be extracted
with the proposed RTM. The eigenvectors [®,, ‘I’q]T (q
= 1,2, ..., 8(N,+1)) serve as the bases of the 8(N,+1)-
dimensional space which is composed of serially aligned
column vectors [®(y,,) ®(y,+1)]". The travelling and damp-
ening behaviours of the eigenmodes are determined by
whether the wave constant 7, is purely imaginary. The
wave constant is derived from the eigenvalue A, as n, =
log(Ag)/hy.

Figures 3 and 4 show the scattering and separated
waves at the resonance frequencies. The travelling and lo-
calized waves are separated by using the following proce-
dure: (i) Using the vector obtained from (17), the extended
field vector ®¢,(y,,) of dimension 8(N,+1) is composed such
that @ (y,) = [®(Yn) P(Yni1)]”. (ii) The extended field
vector e (y,) is projected onto the subspace that is gener-
ated by the linear combination of the travelling waveguide
modes defined by the eigenvalue problem (11). The travel-
ling wave is composed from the first 4(N, + 1)-dimensional
vector of the projected ®x(y,). (iii) The localized wave
component is obtained by subtracting the travelling wave
from the whole scattering wave.

Panels (a), (b) and (c) in Figs. 3 and 4 show the whole
scattering wave, travelling wave and localized wave, respec-
tively. In Panel (b), the travelling wave, which is composed
of the input and reflected waves, appears in the input region,
y < 0, and no transmitted wave appears in the output re-
gion, y > ds( = 20 mm). This means that the reflection
is enhanced by resonance, and the reflection rate reaches a
maximum at R = 1. The wave components shown in Pan-
els (c) occupy the scattering region, 0 < y < d, and have
outgoing dampening wave tails that reach to the ends of the
simulation domain. Although the wave tails are prominent
in Fig. 4 (c), no wave disturbance appears near the boundary
because perfect absorption is realized by ABC (15).

3.3 Comparison of localized wave to eigenmode

To investigate whether any eigenmode exits at the resonance
frequencies obtained by RTM, the eigenvalue problem of the
waveguide system is solved by FEM according to an elasto-
dynamic equation [28]. To consider a realistic situation in
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Fig.5 The localized waves obtained by FEM analysis. Eigenfrequenies
are (a) f=15.2 kHz and (b) f = 21.6 kHz. Arrows indicate points on y-axis
for Fig. 6.
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Fig.6  Comparison of the cross sections of wave shapes along the x-axis
obtained from two-dimensional RTM (solid curve) and three-dimensional
FEM (dots). (a) Displacements at iy = dy/2 obtained from Figs. 3 (c) and
5 (a). (b) Displacements at iy = dst/4 obtained from Figs. 4 (c) and 5 (b).

the experiment, the FEM system is assumed to have finite
length and to be three-dimensional. Therefore, the obtained
eigenmode reflects small but finite interference caused by
reflections from the ends of the simulation domain.

Figure 5 shows the localized waves obtained from the
FEM eigenmode analysis. The free boundary condition was
imposed on all plate surfaces. The waveguide lengths of
the input and output region were set to be relatively long
such as 60 mm and 70 mm to suppress the tail amplitudes of
penetrating waves that reach to the simulation boundaries.
The two lengths were not same to prevent amplitude en-
hancements caused by superposition of reflected waves. The
material constants and geometrical dimensions, except the
waveguide lengths, are the same as those given in Sec. 3.1.
A summary of FEM parameters is as follows: all elements
were tetrahedral, the number of elements was 5171, the in-
terpolation functions were quadratic [Lagrange polynomials
and the problem solver was UMFPACK.

The eigenfrequencies were found to be (a) 15.2 kHz
and (b) 21.6 kHz, compared to those obtained by RTM (Fig.
2), the differences are smaller than 2.5%. Furthermore, both
wave shapes are similar to those in Fig. 3 (c) and 4 (c). Fig-
ure 6 compares the wave forms along the x-axis. The dots
are the displacements obtained from the three-dimensional
FEM at y = dys/2, dy/4 and z = 0; The displacements in
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Fig. 6 are scaled so that their maximum is unity. The solid
curves are the wave forms from Fig. 3 (c) and 4 (c) which
were scaled to fit the dots with the least squares method. The
root mean squares is 4.66 x 1072 in Fig.6 (a) and 1.62 x 1072
in Fig.6 (b). The curves and dots well agree with each other
and the agreement convinces us that RTM is effective in ex-
tracting the localized wave.

The wave shapes in Fig. 6 can be regarded as a type
of the S; mode. The S; mode is the symmetric waveguide
mode possessing secondary minimum deformation energy,
whose definition is given in paper L. The localized waves
in Fig. 5 (a) and (b) are thought to appear as a result of the
enhancement caused by multiple reflections when the length
dy of the scattering region is almost equal to half or all of
the wave length of the S; mode, respectively.

In Fig. 5 (b), many of the penetrating wave tails reach
to the ends of the simulation domain. This is the reason why
FEM requires long input and output waveguide regions. In
contrast, RTM does not require a long waveguide because of
ABC, and an effective calculation is possible without using
any absorption layers.

4. Conclusions

Because flexural waves are governed by a fourth-order
differential equation and dampening/growing modes exist
in acoustic waveguides, a localized wave tends to appear
around the scattering region and induces resonance with the
incident wave. By considering the symmetry of the coef-
ficients in the difference equation, the RTM formulation is
extended and applied to the resonant scattering problem of
flexural waves on an acoustic waveguide made of an inho-
mogeneous elastic plate. This is the first application of RTM
to a system that is subject to a differential equation of order
higher than two. The results obtained in this study can be
summarized as follows.

1. Extension of RTM to a system governed by a fourth-
order differential equation.

2. Proposal of method to separate travelling and localized
waves from a scattering wave.

3. Prediction of enhanced reflection caused by the reso-
nance between the incident and localized waves.

We are planning to verify the resonant scattering of
elastic waves and report the results in near future.
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Appendix A: Accuracy of the plane wave expression

If the elastic plate is infinite and flexural waves are free from
the restriction caused by side fringes, the solution for the
difference equation (2) can be found analytically. Using
the analytic expression, the accuracy of the RTM solution
is evaluated in this appendix.

A plane wave in an infinitely extended homogenous
plate with a uniform thickness takes the following form:

u(x,y) = ev. (A-1)

Here, « is the propagation constant whose analytic form
is given by k = kg, +iky, Where the wave numbers kg,

and k,, are defined by kg = \/(kéB + k)2 — ki ke =

\/(kéB + k)2 + k2 with kgg = (obw?/D)'* and ky, =

(plw?*/2D)'2.

Because the coordinates can be chosen so as to have
uy = 0 and u,, = 0 for the plane wave, the third and fourth
components of the discrete state U,,, of (5) vanish and the
difference equation (2) reduces to a two-dimensional form
with the vector u(y) = [u(y) u_,,(y)]T as follows:

Chomu(yn—1) + bhomu(yn) + ahomu(ynH) =0. (A 2)

Here, the size of the coefficient matrices cpom, brom and dnom
is 2 X 2. In Appendix of paper I, two-dimensional vectors
1,(0) ¢ = y — hym)/h,, n =-1, 0, 1) are introduced as inter-
polation functions. Using the interpolation functions 1,(¢),
we can defined the coefficients as follows:

vl dly [0 0 dl, o[ K. 0
= —_ —n_ EB
A"_f dy(dy [0 1]@ IO[ 0 2k, }l")

(A-3)

Yn—hy

Then, the coefficients in (A-2) can be found such as cpom =
A_1,bpom = Ao and apom = Aj.

If the flexural wave is a plane wave, it can be ex-
pressed as u(y,) = €""u, and the corresponding vector
@, = [u(y, 1) u(y,)]” satisfies this equation:

1 1
Chom Ebhnm _ Ebhnm Ahom _
[ o ]q)_ /1[ oo o | =o0.

(A-4)
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Here, 1 = ¢, and the matrices I, and O, are the 2 X 2
identity matrix and zero matrix, respectively. Solving the
equation as an eigenvalue problem with eigenvalue A and
expanding the expression k = log(1)/h, up to terms of K2,
we can find the following expression for «:

)

.o +iky(1 — gezskaphy +-++) ,travelling wave
tkao(1 — sekighy + -, localized wave
(A-5)

where € is a constant that approaches unity in the limit k,, —
0. Although flexural waves are assumed to be plane wave,
the error of RTM is bounded within an order of magnitude of
h‘y‘. The accuracy is equivalent to that of the original RTM
that is formulated through Numerov’s method for second-
order differential equations [7].

Appendix B: Compatibility of RTM and FEM

The proposed RTM formulated by the weak form discretiza-
tion scheme is compatible with the FEM procedure. When
the waveguide boundary condition expressed by the step-
ping matrices K™ and K™ is used to separate the in-
put, reflection and transmission waves, the scattering prob-
lem can be transformed into the FEM framework.

According to (14), the vectors ®@(y_;) and ®(y,) can
be expressed as ®(y_1) = (I_(Edm"))ilfl)in + (I_(Egrw))ACIJYf and
D(yo) = ®;, + D,;. Here, the site y_; is out of the simulation
domain by one step, but it can be expressed with the vector
at yo by eliminating the term @, as follows:

Dy 1) = REVD(y) - (RE™ - ™)@y, (A-6)

_ -1 _ _ -1
where the relations (Kidmp)) = K™ and (ngrw)) =
I_(idlnp) were used. This is new expression for the boundary
condition at the input end.

Using (14) again, another boundary condition at the

output end can also be derived,
Dy, 1) = KDYy, ). (A7)

The scattering problem is subject to the simultaneous
equations composed of (2) withn =0, 1,2, ..., N,,. Using the
boudary conditon (A- 6) and (A-7), the extra vectors ®(y_1)
and ®(yy,+1) appearing at n = 0 and N, can be eliminated
as follows:

(coRE™ + bo)®(yo) + a®y1)
= (coRE™ — K™ )@y, (A-8)

ey, ®(yn, 1) + (by, + an, KS™)B(yy,) = 0. (A-9)

Equations (2), (A- 8) and (A-9) can be used to analyse
the scattering problem in the waveguide. These equations
are equivalent to the simultaneous equations used in FEM
with a rectangular space mesh and cubic Hermite elements.
Note that the boundary condition is expressed with stepping
matrices, which is realized for the first time not only with the
RTM framework but also with the weak-form discretization
scheme.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


